We study the stability and energetics associated to skyrmions appearing as excitations on curved surfaces. Using a continuum model we show that the presence of cylindrically radial and azimuthal fields destabilizes the skyrmions that appear in the absence of an external field. Weak fields generate fractional skyrmions while strong magnetic fields yield stable 2π-skyrmions, which have their widths diminished by the magnetic field strength. Under azimuthal fields vortex appear as stable states on the curved surface.
Introduction
During the last decade a strong interest has focused on the properties of topological structures on curved surfaces based on the fact that the surface's shape determines the physical properties of several systems. As examples, one can cite the ordering of nematic liquid crystals on a curved substrate [1] and the local density of states of a conical graphene sheet [2] . In the same hand, curvature is important to describe the physical properties of magnetic nanostructures. In a recent work by Carvalho-Santos et al, it was shown that toroidal nanorings can support a vortex-like magnetization for smaller sizes than cylindrical nanorings [3] . from the interaction with cylindrically radial (RMF) and azimuthal magnetic fields (AMF). Sec. 4 presents an analytical study of the appearance and stability of 2π-skyrmions due the interaction with AMF an RMF. Finally, in section 5 we present the conclusions and prospects of this work.
Continuum Heisenberg Model on cylindrically symmetric surfaces
A spin system lying on a surface embedded in a 3D-space can be described by a Heisenberg Model in a continuum approximation of spatial and spin variables, valid at sufficiently large wavelength and low temperature. Then, and assuming only exchange terms, we can describe our spin system by the following Hamiltonian [13] 
where ∂ µ,ν ≡ ∂/∂η µ,ν . The surface is described by the curvilinear coordinates η 1 and η 2 , dA = |det[g µν ]dη 1 dη 2 is the surface element, g µν is the surface contravariant metric. Repeated indices must be summed, with µ and ν varying from 1 to 2 and α varying from 1 to 3. J denotes the coupling between neighboring spins, and according to J < 0 or J > 0, the Hamiltonian describes a ferro or antiferromagnetic system. The classical spin vector field is given by m = (sin Θ cos Φ, sin Θ sin Φ, cos Θ), so that Θ = Θ(η 1 , η 2 ) and Φ = Φ(η 1 , η 2 ).
Our main interest is to study static topological excitations appearing when we consider a rotationally symmetric surface in the presence of external fields. In cylindrical coordinate system, an arbitrary surface with rotational symmetry can be parametrized by r = (ρ, φ, z(ρ)), where ρ is the radius of the surface at height z, and φ accounts for the azimuthal angle (See Fig. 1) . Thus, the Hamiltonian (1) can be rewritten as
The Euler-Lagrange equations (ELE) derived from (2) are
and
In these expressions dζ = g ρρ /g φφ dρ is a length scale depending on the geometric parameters of the underlying manifold and we have used the fact that ∂ φ ( g φφ /g ρρ ) = 0, since g φφ = ρ 2 and g ρρ = 1 + (dz/dρ) 2 have no dependence on φ.
The set of equations describing the spin vector field present a length scale parameter that depends on the considered geometry, leading to shape induced changes in the energy and the stability of the excitations of our spin system. When a spin vector field with cylindrical symmetry is considered, that is, Φ(ρ, φ) ≡ Φ(φ) and Θ(ρ, φ) ≡ Θ(ρ), the above set of equations is simplified and the sine-Gordon system is obtained. Its solution is a topological π-skyrmion, represented by the spin profile given by Φ = φ + φ 0 and
where φ 0 and ζ 0 are phases depending on the boundary conditions and that does not account to the energy calculations. If a skyrmion profile is given by a function f (λζ), its width is given by λ −1 , which generally appears in front of the sin 2Θ term of Eq. (3). However, due to the chosen parametrization of the surface, the skyrmion width is rescaled to unity. Nevertheless, the curvature dependence of the skyrmion width can be evidenced by calculating ζ = g ρρ /g φφ dρ. Once the minima associated to Eq. (2) are given by Θ = nπ, with n integer, the π-skyrmion appears as a continuous transition connecting the two neighboring minima 0 and π. This transition consists in a topological excitation, mapping the spin sphere on the underlying manifold, so belonging to the first class of the second homotopy group. Despite the ferromagnetic state is less energetic than the skyrmionic one, there is a very high energy barrier separating these states and the skyrmion can not be deformed in a ferromagnetic-like state by a continuous variation of the order parameter, characterizing it as a topological excitation. In the case of finite surfaces, Eq. (5) does not represent an integer π-skyrmion, since the spin sphere mapping is partially done and fractional skyrmions are obtained (See Refs. [13, 17] for more details). The spin pattern of a π-skyrmion with phase φ 0 = π/2 is shown in Fig. 2 
.(b).
Another class of solution to Eqs. (3) and (4) are given by Θ = π/2 and Φ = φ + φ 0 . These solutions represent a vortex-like excitation, whose profile can be viewed in Fig. 2 .(a). The energy of the vortex can be obtained from Eq. 2, giving E v = 2πJζ. This expression evidence the relation between the energy and the length scale of the surface.
Interaction with external fields
When we include an external magnetic field, a new class of solutions can be obtained. This interaction can be modeled by adding into the Hamiltonian (2) the term
where B is the applied magnetic field, µ is the magnetic moment, and g is the Landé factor of the electrons in the magnetic materials. Spin systems described by a Heisenberg model in the presence of a constant axial external field have been previously studied on a circular cylindrical surface. In this case the ELE transform into a homogeneous double sine-Gordon equation (DSGE) [20] . The solutions to the homogeneous DSGE are 2π-skyrmions, that change their widths due to a second length scale introduced into the system by the magnetic field. If a constant axial magnetic field is interacting with a spin system on an arbitrary geometry, the non-homogeneous DSGE appears and the solutions can be obtained only numerically [18] . However, if the strength of the axial magnetic field is tuned with the curvature of the substrate, the homogeneous DSGE is recovered [19] and solutions are obtained analytically. In order to extend the above cited results, we will consider two distributions of magnetic fields: (a) a radial magnetic field (RMF), B = B(ρ)ρ, whereρ is the unitary vector in cylindrical coordinates; and (b) a Azimuthal magnetic field, AMF, i.e., B = B(ρ)φ.
Cylindrically Radial Magnetic Field
From Eq.6, a magnetic system in the presence of a RMF can be described by
where B ′ (ρ) = gµB(ρ). The derived ELE are
and sin Θ∂
We start by considering Θ = π/2 as a solution of Eq. (8) . In this case, the solution of Eq. (9) is given by Φ = φ + nπ, with n integer. From Eq. (7) it can be seen that in order to minimize the energy, n has to be even, and therefore the spin vector field aligns parallel to the magnetic field. Thus, the radial magnetic field induces a constraint into the system, removing the freedom of the phase's choice that appears when no magnetic field is acting into the system. In order to study excitations of the order parameter Θ, numerical solutions must be obtained to Eqs. (8) and (9) 
Despite the difficulty to generate a radial field varying with 1/ρ 2 , recent theoretical and experimental propositions can give some insights in this direction. One of them consists in using magnetic monopoles, which generate a radial magnetic field proportional to 1/r 2 , where r is the distance from the monopole to the point at which the magnetic field is being measured. Magnetic monopoles are predict to appear in a pyrochlore lattice, which is an example of a ferromagnetic material with a degenerate ground state that is disordered at low temperatures. The magnetic monopoles are emergent particles appearing like an excited spin state, resulting of collective modes into these systems, also known as spin ices [22] . However, despite the spin ice provide a system to study magnetic monopoles, it is not possible to separate the monopole from the material. On the other hand, in a recent experiment, using a nanoscopic ferromagnetic needle of Nickel, Béché et al measured the Aharanov-Bohm phase shift caused by the magnetic potential around the needle. Their results show that the needle tip behaves as a magnetic monopole, whose polarity can be chosen depending on the magnetization direction [23] . This experiment follows the Dirac's proposition to generate a magnetic monopole by connecting two oppositely charged magnetic monopoles with an infinitesimal string of flux. The approximation to a magnetic monopole is made by pulling the monopoles as far as possible and providing means of localizing the return flux connecting both monopoles. Equation (10) will be denoted as the homogeneous double sine-cosineGordon equation (DSCGE) because it contains a cos Θ, while the DSGE presents a sin Θ in the second term of the right side.
Azimuthal magnetic field
When an AMF is considered, the interaction with the spin vector field with cylindrical symmetry can be written as
In this case, the derived ELE are evaluated and give
Note that Eq. (9) can be obtained from Eq. (13) by doing the transformation φ → φ + π/2. Then, the simplest solution to Eq. (13) is given by Φ = φ + (2n + 1)π/2 ,. Therefore, as well as in the radial field case, the presence of an AMF removes the freedom of the phase angle and the spins are forced to align parallel to the azimuthal component of the surface coordinate system, in the direction of the magnetic field. From Eq. (11), it can be seen that n has to be even in order to minimize the energy, as well as in the radial field case.
With these considerations, the simplified expression
is obtained. Again, in order to get analytical solutions we must consider an AMF of the form B ′ (ρ) = B ′ 0 /ρ 2 . Thus, Eq. (10) is recovered and the below discussions refer to the Eqs. (10) and (14).
Results
We start by considering the total Hamiltonian of the system given by H T = H + H int , and rewrite the energy density as H = (∂ ζ Θ) 2 + V (Θ), where with
where V ′ (Θ) denotes the derivative of the potential. To obtain some insight into the solutions, we consider separately two situations, weak magnetic field (B ′ 0 < 2), and strong magnetic field (B ′ 0 > 2). When a weak magnetic field is considered there are two equivalent minima, Θ 0 = sin −1 (B ′ 0 /2) and Θ 1 = π − Θ 0 , as shown in Fig. 3.(a) . When we consider a weak magnetic field, Eq. (14) describes an equivalent system as described by Eq. (2.6) in Ref. [24] . In the later, the authors considered a relatively weak field and obtain a solution that can well represent, in our case, the solution of Eq. (10) . Therefore, our solution can be represented by the following profile obtained from [24] in the context of the unidimensional HM
where
is the width of the excitation. The energy and charge associated to this solution on an infinity surface are, respectively
Eq. (17) consists in a spin vector field variation connecting the two minima. However, due to its fractional charge, its stability can not be ensured using arguments from the homotopy theory. From Fig. 3.(a) , one can note that the energy barrier connecting Θ 0 and −(π + Θ 0 ) is greater than the one connecting Θ 0 with Θ 1 . Therefore, the solution which connects Θ 0 and −(π + Θ 0 ) is not energetically favorable and does not appear into the studied system. Then, a weak azimuthal or radial magnetic field acting on the considered system shifts the minima associated to the isotropic HM, joining them, but does not ensure the appearance of stable integer skyrmions, which are possible even when B ′ 0 → 0. In this case, the sine-Gordon system is recovered and the minima to the potential V (Θ) are evaluated as Θ 0 = 0 and Θ 1 = π, and Q (i) → 1. On the other hand, for B ′ 0 → 2, the skyrmion-like solution width diverges and Q MF(i) → 0, that is, the spin vector field variation is very small along the surface and Θ → π/2 (See Fig. 3.(b) ). Thus, the presence of a weak magnetic field destabilizes the π-skyrmion appearing in spin systems described by the isotropic Heisenberg Hamiltonian by shifting the minima associated to this model. When B ′ 0 = 2, the minima degenerate in Θ → π/2 and a vortex state pointing perpendicular or parallel to the surface is obtained under the presence of a RMF or AMF, respectively.
On the other hand, by considering the case in which a strong magnetic field is acting into the system, the minima of the potential (15) can not be given by the expression Θ 0 = sin −1 (B ′ 0 /2). Thus, starting from Eq. (16), we have that Θ min = (4n + 1)π/2, with n integer, minimizes the potential and the interaction energy given by Eq. (11) . In this case the solution to Eq. (14) is presented in Ref. [24] Θ ii = 2 sin
The energy associated to this excitation is given by
Eq. (20) represent a 2π-skyrmion with a topological charge Q = 2 connecting the two minima π/2 and 5π/2(See Fig. 3.(c) ). The width of the skyrmion is given by λ −1 = τ . Thus, the magnetic field induces a geometrical frustration into the system, changing the skyrmion width in such way that as B ′ 0 grows, the skyrmion width shrinks and confines the excitation to progressively smaller regions of the surface. It can be also observed that the energy of this excitation increases with the magnetic field strength due to the skyrmion confinement. For B → 2, the solutions (20) and (17) join smoothly, going both to Θ = π/2.
In summary, the presence of a RMF or AMF varying with 1/ρ 2 destabilizes the π-skyrmion connecting the minima of the sine-Gordon system. Weak magnetic fields are not enough to generate a new class of skyrmions. However, when the magnetic field increases, 2π-skyrmions can appear on the surface. In this case the increase of the magnetic field confine the skyrmion in small regions of the surface, decreasing its width. Furthermore, the behavior of the system as a function of B ′ 0 is the following, the ground state is doubly degenerate for weak fields (B ′ 0 < 2), becomes unique at B ′ 0 = 2, and is again degenerate for B ′ 0 > 2. The connection between the minima represents a stable excitations only in the strong field case, once the spin sphere is completely mapped twice.
Conclusions and prospects
We studied spin systems on curved surfaces with rotational symmetry in the presence of radial and azimuthal magnetic fields and described by a Heisenberg Hamiltonian. The Euler Lagrange equations coming from the model can be analytically solved only if the magnetic field varies with the curvature of the surface in the form B ′ (ρ) ∝ 1/ρ 2 . Weak and strong magnetic fields leads to different classes of solutions to the proposed model. In the case of weak magnetic fields, skyrmionic-like profiles are predicted, connecting the two minima associated to the potential. However, these solutions have not integer skyrmion charges and arguments coming from homotopy theory can not be used to ensure their stabilities. Strong magnetic fields yield 2π-skyrmion-like excitations, with an integer topological number. The width of the skyrmions decreases when the magnetic field increases. The phase of the skyrmion depends on the magnetic field direction in such way that the azimuthal component of the spins points along the field direction. Therefore, by manipulating both the magnitude and the direction of the applied magnetic field, the magnetic system can support various types of skyrmions.
Despite skyrmions appear only as an excited state, the presented results are important to give some insights in the study of helimagnets, in which there are chiral interactions, known as Dzyaloshinskii-Moriya interactions, which lead to the appearance of skyrmions even near room-temperature [25] . Furthermore, the coupling between the magnetic field and the curvature is an interesting result, opening new issues on the control of the properties of condensed matter physics by magnetic and electric fields.
